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We investigate boson star (BS) solutions in the Einstein-Proca theory with the quartic order self-interaction
of the vector field λ(AµA¯µ)
2/4 and the mass term µA¯µAµ/2, where Aµ is the complex vector field and
A¯µ is the complex conjugate of Aµ, and λ and µ are the coupling constant and the mass of the vector field,
respectively. The vector BSs are characterized by the two conserved quantities, the Arnowitt-Deser-Misner
(ADM) mass and the Noether charge associated with the global U(1) symmetry. We show that in comparison
with the case without the self-interaction λ = 0, the maximal ADM mass and Noether charge increase for
λ > 0 and decrease for λ < 0. We also show that there exists the critical central amplitude of the temporal
component of the vector field above which there is no vector BS solution, and for λ > 0 it can be expressed
by the simple analytic expression. For a sufficiently large positive coupling Λ := M2plλ/(8piµ
2) ≫ 1, the
maximal ADM mass and Noether charge of the vector BSs are obtained from the critical central amplitude and
of O[
√
λM3pl/µ
2 ln(λM2pl/µ
2)], which is different from that of the scalar BSs, O(√λφM3pl/µ2φ), where λφ
and µφ are the coupling constant and the mass of the complex scalar field.
PACS numbers: 04.40.-b Self-gravitating systems; continuous media and classical fields in curved spacetime, 04.50.Kd
Modified theories of gravity.
I. INTRODUCTION
The recent detection of gravitational waves (GWs) from
merging black holes (BHs) and neutron stars (NSs) by the
LIGO and Virgo collaborations [1–3] has opened new oppor-
tunities to test gravitational and fundamental physics in the
extremely high density and/or high curvature regions. The
near-future detection of GWs will be able to test modifica-
tions of general relativity (GR) in strong gravity regimes in
terms of the existence of the hairy BHs [4, 5] and the univer-
sal relations for NSs [6].
Although the data of LIGO and Virgo are highly consistent
with the theoretical GW waveforms predicted from coalesc-
ing BHs and NSs in GR so far, they have not excluded the
possibility of modified gravity theories and/or the existence
of other more exotic compact objects yet, and the future GW
measurements would be able to test them more precisely [7–
9]. One of the candidates of more exotic compact objects is a
boson star (BS) which is a gravitationally bound nontopologi-
cal solitonic object in a bosonic field theory. If the existence of
the BSs could be verified through the near-future GW obser-
vations, it may also give us a direct evidence of extra degrees
of freedom in modified gravity theories. The BSs are charac-
terized by the two conserved quantities, namely, the Arnowitt-
Deser-Misner (ADM) massM and the Noether charge Q as-
sociated with the global U(1) symmetry of the field space. M
andQ correspond to the gravitational mass and the number of
particles inside a BS system, respectively, and a BS is grav-
itationally bound if it possesses the positive binding energy,
µφQ −M > 0, where µφ is the mass of the scalar field. The
BS solutions have been first constructed in the Einstein-scalar
theory with the mass term µ2φ|φ|2/2 [10–13]. The radial per-
turbation analysis about the BS solutions [13–16] has revealed
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that the critical solutions dividing the stable BSs and the un-
stable ones correspond to those with the maximal ADM mass
and Noether charge [16, 17]. GW signatures of the binary BSs
would be distinguishable from those of the binary BHs and
NSs as the consequence of the different tidal deformabilities
[18].
The maximal ADM mass depends on the potential of the
scalar field [19]. In the Einstein-scalar theory only with the
mass term µ2φ|φ|2/2, it is of O(M2pl/µφ), where Mpl =√
~c/G = 1.221 × 1019GeV/c2 is the Planck mass (in the
rest we work in the units of c = ~ = 1), which is much
smaller than the Chandrasekhar mass for fermions with the
mass µφ, ofO(M3pl/µ2φ), by assuming that µφ ≪Mpl. In the
theory with both the quartic order self-interaction λφ|φ|4/4 as
well as the mass term λφ|φ|2/2, it becomes of the same order
as the Chandrasekhar mass for the ferminons with the mass
µφ, of O(
√
λφM
3
pl/µ
2
φ) [20].
The BS solutions exist not only in the Einstein-scalar theory
but also in the Einstein-Proca theory [21–23]. In the Einstein-
Proca theory with the mass term µ2A¯µAµ/2, where Aµ is the
vector field and A¯µ is the complex conjugate of Aµ, the prop-
erties of the vector BSs are quite similar to those of the BSs
in the Einstein-scalar theory with the mass term [21]. The
critical solution dividing the stable and unstable vector BSs
corresponds to the solution with the maximal ADM mass and
Noether charge, and the maximal ADM mass of a vector BS
is of O(M2pl/µ).
The question which we addreess in this paper is how the
maximal ADM mass and Noether charge of the BS solu-
tions in the Einstein-Proca theory with the quartic order self-
interaction of the vector field λ(A¯µAµ)
2/4 as well as the
mass term µ2A¯µAµ/2 are related to the mass and coupling
constant of the vector field, µ and λ, and whether they are
similar to those in the Einstein-scalar theory with the quar-
tic order self-interaction. The solutions of nontopological so-
litions in the complex vector field theories with the nonlin-
2ear self-interaction potential in the flat and curved spacetimes
have been presented in Refs. [23–25]. While the results pre-
sented in this paper have some overlap with those presented in
Ref. [23], we focus more on the role of the quartic order self-
interaction in the self-gravitating vector BS backgrounds, and
derive the quantitative dependence of the physical properties
of the BSs on λ.
The paper is constructed as follows: In Sec. II, we intro-
duce the Einstein-Proca theory with the mass and the quartic
order self-interaction, and derive a set of equations to find the
structure of the vector BSs. In Sec. III, we numerically con-
struct the vector BS solutions and make arguments about their
properties. The last Sec. IV is devoted to giving a brief sum-
mary and conclusion.
II. VECTOR BOSON STAR SOLUTIONS
A. Theory
We consider the Einstein-Proca theory with the quartic or-
der self-interaction as well as the mass term;
S =
∫
d4x
√−g
[
1
2κ2
R− 1
4
Fµν F¯µν
−1
2
µ2AµA¯µ − 1
4
λ
(
AµA¯µ
)2]
, (1)
where the greek indices (µ, ν, ...) run the four-dimensional
spacetime, gµν is the metric tensor, g
µν := (gµν)
−1
, g =
det(gµν) is the determinant of gµν , R is the scalar curvature
associated with gµν , Aµ is the complex vector field and A¯µ
is the complex conjugate of Aµ, Fµν := ∂µAν − ∂νAµ is
the field strength and F¯µν := ∂µA¯ν − ∂νA¯µ is its complex
conjugate, κ2 := 8piG with G being Newton’s constant, µ is
the mass of the complex vector field, and the dimensionless
coupling constant λmeasures the strength of the quartic order
self-interaction of the vector field. Throughout the paper we
set c = ~ = 1, and in these units the Planck massMpl is given
byMpl = 1/
√
G. Because of the different sign convention, λ
in this paper corresponds to (−λ) in Refs. [23, 25].
Varying the action (1) with respect to gµν , we obtain the
gravitational field equations of motion (EOM)
0 = Eµν := T (A)µν −
1
κ2
Gµν , (2)
where
T (A)µν :=
1
2
(
FµρF¯ν
ρ + F¯µρFν
ρ
)− 1
4
gµνF
ρσF¯ρσ
+
µ2
2
[
AµA¯ν +AνA¯µ − gµνA¯ρAρ
]
+
λ
2
[(
A¯ρAρ
) (
AµA¯ν +AνA¯µ
)− 1
2
gµν
(
A¯ρAρ
)2]
,
(3)
represents the energy-momentum tensor of the vector field.
Similarly, varying the action (1) with respect to Aµ and A¯µ,
we obtain the EOM for the vector field
0 = Fν := ∇µFµν −
[
µ2 + λ
(
A¯ρAρ
)]
Aν , (4)
and its complex conjugate Fν = 0, respectively. Acting the
derivative∇ν on Eq. (4), we obtain the constraint relation
0 = G := ∇ν {[µ2 + λ (A¯ρAρ)]Aν} . (5)
Similarly, ∇νFν =: G¯ = 0. Note that in the theory (1) there
is the global U(1) symmetry, namely the symmetry under the
transformation Aµ → eiαAµ where α is a constant, and the
associated Noether current is given by
jµ =
i
2
(
F¯µνAν − FµνA¯ν
)
, (6)
which satisfies the conservation law,∇µjµ = 0.
B. Static and spherically symmetric spacetime
We consider a static and spherically symmetric spacetime
gµνdx
µdxν = −σ(r)2
(
1− 2m(r)
r
)
dtˆ2
+
(
1− 2m(r)
r
)
−1
dr2 + r2dΩ22, (7)
where tˆ and r are the time and radial coordinates, dΩ22 is the
metric of the unit two sphere, andm(r) and σ(r) depend only
on the radial coordinate r. Correspondingly, we consider the
ansatz for the vector field [21]
Aµdx
µ = e−iωˆtˆ
(
a0(r)dtˆ + ia1(r)dr
)
, (8)
where a0(r) and a1(r) depend only on r. For the vector BS
solutions, the frequency ωˆ is assumed to be real and positive,
such that the vector field neither grows nor decays in time.
The ansatz (8) is compatible with the static and spherically
symmetric spacetime (7), as it does not give rise to the explicit
time dependence of the energy-momentum tensor. In order to
find m, σ, a0, and a1 numerically, we rewrite EOMs (2), (4)
and (5) into a set of the evolution equations with respect to r.
C. Evolution equations
From our ansatz (7) and (8), the nontrivial components of
the gravitational EOMs (2) are given by
E tˆ tˆ = 0, Err = 0, E ii = 0, (9)
where the indices (i, j, · · · ) run the directions of the two
sphere. Similarly, the nontrivial components of the vector
field EOM (4) are given by
Ftˆ = 0, Fr = 0. (10)
3The complex conjugates of Eq. (10) give the same equations
as Eq. (10) and need not be considered separately. All these
equations are related by
∇µEµr = −1
2
gtˆtˆ
(Ftˆ × F¯tˆr + F¯tˆ × Ftˆr)
+
1
2
(GA¯r + G¯Ar) . (11)
First, E tˆ tˆ = 0 and Err = 0 can be arranged to give the
evolution equations form and σ in the r direction as
m′ = Fm [a0, a
′
0, a1,m, σ] , (12a)
σ′ = Fσ [a0, a1,m, σ] , (12b)
where a prime denotes the derivativewith respect to r, and Fm
and Fσ are the nonlinear combinations of the given variables
as
Fm :=
κ2
8(r − 2m)2σ4
[−3r4λa40 + 2r2a20 (rµ2 + λa21(r − 2m)) (r − 2m)σ2 + λa41(r − 2m)4σ4
+2ra21(r − 2m)2σ2
(
rωˆ2 + µ2(r − 2m)σ2)− 4r2ωˆa1(r − 2m)2σ2a′0 + 2r2(r − 2m)2σ2a′20 ] , (13a)
Fσ :=
κ2
2(r − 2m)3σ3
[−r2λa20 + (rµ2 + λa21(r − 2m)) (r − 2m)σ2) (r2a20 + a21(r − 2m)2σ2] . (13b)
Similarly, Ftˆ = 0 and G = 0 can be arranged to be
a′′0 = H−1F0 [a0, a′0, a1,m,m′, σ, σ′] , (14a)
a′1 = H−1F1 [a0, a′0, a1,m,m′, σ, σ′] , (14b)
where F0 and F1 are regular combinations of the given vari-
ables which are too involved to be shown explicitly, and
H := −r2λa20 +
(
rµ2 + 3λa21 (r − 2m)
)
(r − 2m)σ2.
(15)
Substituting Eqs. (12) into the left-hand side of Eqs. (14) and
eliminatingm′ and σ′, we obtain
a′′0 = H−1F˜0 [a0, a′0, a1,m, σ] , (16a)
a′1 = H−1F˜1 [a0, a′0, a1,m, σ] , (16b)
where F˜0 and F˜1 are regular combinations of the given vari-
ables which are also too involved to be shown explicitly.
Equations (12) and (16) are integrated from a point suffi-
ciently close to r = 0 with the boundary conditions given in
Sec. II D. For a given set of parameters, ifH vanishes at some
finite radius, Eqs. (12) and (16) cannot be integrated further
beyond this point, and then no vector BS solution exists.
D. Boundary conditions
Solving Eqs. (12) and (16) in the vicinity of r = 0, we find
a0 = f0 − f0
6σ20
(
f20λ− µ2σ20 + ωˆ2
)
r2 +O (r4) , (17a)
a1 = −f0ωˆ
3σ20
r +O (r3) , (17b)
m =
κ2f20
24σ40
(−3f20λ+ 2µ2σ20) r3 +O (r5) , (17c)
σ = σ0 +
κ2f20
4σ30
(−f20λ+ µ2σ20) r2 +O (r4) . (17d)
Equation (17) evaluated at r = r1 which is sufficiently close
to r = 0 gives the boundary conditions to integrate Eqs. (12)
and (16) numerically from r = r1 to a sufficiently large value
of r.
For λ = 0, H defined in Eq. (15) never crosses 0 and the
vector BS solutions exist for an arbitrary value of the central
amplitude of the temporal component of the vector field, f0 >
0. For λ 6= 0, expandingH in the vicinity of r = 0 with Eq.
(17), we obtain
H = (−f20λ+ µ2a20) r2 +O(r4). (18)
For λ > 0, even ifH < 0 in the vicinity of r = 0, as theO(r4)
terms in Eq. (18) become important, H starts to increase and
cross 0. Thus, a regular BS solution can be obtained only for
0 < f0 ≤ f0,crit := µσ0√
λ
, (19)
which was numerically confirmed, where f0,crit corresponds
to the critical central amplitude of the temporal component of
the vector field. On the other hand, for λ < 0, even if H > 0
in the vicinity of r = 0, the higher order corrections to Eq.
4(18) make H decrease and cross 0. Thus, also for λ < 0, we
numerically confirmed the existence of the critical central am-
plitude of the temporal component of the vector field f0,crit,
although it cannot be expressed analytically.
For ωˆ chosen to be the correct lowest eigenvalue of the vec-
tor BS for a given set of parameters, m and σ exponentially
approach constant values,m∞ > 0 and σ∞ > 0, respectively,
while a0 and a1 exponentially approach 0 as e
−
√
µ2−ωˆ2/σ2
∞
r.
Thus, the metric exponentially approaches the Schwarzschild
form
ds2 → −σ2
∞
(
1− 2m∞
r
)
dtˆ2
+
(
1− 2m∞
r
)
−1
dr2 + r2dΩ22, (20)
where the proper time measured by the observer at r = ∞ is
given by t = σ∞ tˆ, and correspondingly the proper frequency
ω is given by
ω :=
ωˆ
σ∞
. (21)
The condition for the exponential fall-off properties
e−
√
µ2−ω2r requires ω < µ. In the limit f0 → 0,
ω → µ, and the Minkowski solution is obtained.
By the rescalings of
ωˆ → ωˆ
µ
, r → rµ, m→ µm, σ → σ,
a0 → κa0, a1 → κa1, λ→ λ
µ2κ2
, (22)
the evolution equations (12) and (16) can be rewritten into
the form without µ and κ, and in the rescaled equations the
strength of the self-interaction is measured by the dimension-
less coupling constant
Λ :=
λ
µ2κ2
=
M2pl
(8pi)µ2
λ. (23)
For the numerical analysis, we may set µ = κ = 1 and as
the result λ = Λ, as it is straightforward to give back the
dependence of the physical quantities on µ and κ, once the
vector BS solutions are numerically obtained for µ = κ = 1.
In addition, as σ0 corresponds to the degree of freedom of
the time rescaling without loss of generality, we may also set
σ0 = 1. Thus, only the remaining physical parameters are f0
and Λ.
In Figs. 1 and 2, (m,σ) and (a0, a1) are shown as the func-
tions of r for Λ = 10 and f0 = 1/(10κ), respectively. Note
that the dimensionless quantities introduced in (22) are dif-
ferent from those introduced in Ref. [23] where in the di-
mensionless equations of motion a0 and a1 are rescaled to the
dimensionless quantities, (
√
|λ|/µ)a0 and (
√
|λ|/µ)a1, re-
spectively. While Ref. [23] focused on the importance of the
coupling to gravity measured by the dimensionless parameter
α := (κ2µ2)/λ[= 1/Λ] on the nontopological soliton back-
grounds in the flat spacetime, we focus more on the role of
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FIG. 1. µm and σ are shown as the functions of µr for Λ = 10 and
f0 = 1/(10κ). The black and green curves correspond to µm and
σ, respectively.
5 10 15 20 25 30 35
Μr
-0.10
-0.05
0.05
0.10
FIG. 2. κa0 and κa1 are shown as the functions of µr for Λ = 10
and f0 = 1/(10κ). The red and blue curves correspond to κa0 and
κa1, respectively.
the quartic order self-interaction of the vector field on the self-
gravitating vector BS backgrounds, and derive the quantitative
dependence of the physical properties of BSs on the coupling
constant λ. Thus, although there are similarities of our results
to those in Ref. [23], we make arguments about the properties
of the vector BSs from the different perspectives. In contrast
to the case of the scalar BSs, in the case of the vector BSs a0
has a single node before approaching 0.
E. ADM mass, Noether charge, and binding energy
We then evaluate the conserved quantities characterizing
the vector BSs. The first is the ADM mass
M :=
m∞
G
=M2plm∞, (24)
which is associated with the time translational symmetry. The
second is the Noether charge associated with the global U(1)
symmetry, which is given by integrating j tˆ in Eq. (6) over a
5constant-tˆ hypersurface
Q =
∫
Σ
d3x
√−gj tˆ = 4pi
∫
∞
0
dr
r2a1 (ωˆa1 − a′0)
σ
. (25)
A BS is gravitationally bound when µQ −M > 0, and we
then define the relative binding energy
b :=
B
M
=
µQ
M
− 1. (26)
In order to discriminate various compact objects and clas-
sify their physical properties, it is important to define the ef-
fective compactness of the vector BS
C := GMR =
m∞
R , (27)
where the effective radius of it is given by [19]
R := 1
Q
∫
Σ
d3x
√−g
(
rj tˆ
)
=
4pi
Q
∫
∞
0
dr
r3a1 (ωˆa1 − a′0)
σ
.
(28)
F. Comparison with the Einstein-scalar theory
Before proceeding to the physical properties of the vector
BSs, we briefly review the case of the Einstein-scalar theory
with the quartic order self-interaction
S =
∫
d4x
√−g
[
1
2κ2
R− 1
2
gµν∂µφ∂ν φ¯
−1
2
µ2φ|φ|2 −
1
4
λφ|φ|4
]
, (29)
where µφ and λφ are the mass and coupling constant of the
complex scalar field, respectively. In the case without the self-
interaction, λφ = 0, the maximal ADM mass is given as [13,
19],
Mmax ≃ 0.633
M2pl
µφ
, (30)
which is much smaller than the Chandrasekhar mass for
fermions with the same mass. On the other hand, in the case
of λφ (Mpl/µφ)
2 ≫ 1, no upper bound on the central ampli-
tude of the scalar field exists, and the maximal ADM mass is
given as [20],
Mmax ≃ 0.062
√
λφ
M3pl
µ2φ
. (31)
Moreover, as shown in Fig. 2 the vector BS solution has a
single node in a0, while the scalar BS solution has no node in
|φ|. In Sec. III we obtain the corresponding relation to Eq.
(31) for the vector BSs in the presence of the self-interaction
λ(A¯µAµ)
2/4.
III. PROPERTIES OF VECTOR BOSON STARS
In this section, we make arguments about the properties of
the vector BS solutions in the theory (1) obtained numerically.
A. ADM mass and Noether charge
In Fig. 3, the ADM mass M and the Noether charge mul-
tiplied by µ, µQ, are shown as the functions of f0 for sev-
eral values of Λ ≥ 0 defined in Eq. (23). We numerically
confirmed that there exists the critical central amplitude of
the temporal component of the vector field, f0,crit, and that
it agrees with Eq. (19). The behavior for 0 < Λ . 1 is
qualitatively similar to that for Λ = 0 except for the existence
of f0,crit; namely M and Q take the local maximal values at
some intermediate value of f0. For Λ > 1, M and Q mono-
tonically increase for increasing values of f0, and their max-
imal values are obtained from the limit of f0 → f0,crit. On
0.5 1.0 1.5 2.0 2.5 3.0
f0
0.5
1.0
1.5
FIG. 3. M and µQ are shown as the functions of f0 for Λ >
0. The red and blue curves correspond to M and µQ, respectively.
The solid, dashed, dot-dashed, and dotted curves correspond to Λ =
20, 10, 1, 0.1, respectively. (M,µQ) and f0 are shown in M
2
pl/µ
andMpl/
√
8pi[= 1/κ], respectively.
the other hand, although we do not show the plots of M and
µQ as the functions of f0 for Λ < 0, the values of M and Q
become smaller than those for Λ = 0 for the same values of
f0. For any value of Λ < 0, we numerically confirmed that
there is also the critical amplitude of the temporal component
of the vector field f0,crit, which cannot be expressed analyti-
cally and becomes smaller for larger |Λ|. The maximal values
ofM andQ correspond to their local maximal values obtained
at the intermediate value of f0 < f0,crit. Note that for all the
values of Λ, M = Q = 0 and the Minkowski solution with
the vanishing vector field Aµ = 0 is obtained for f0 = 0.
In Fig. 4, M is shown as the function of ω defined in Eq.
(21) for Λ > 0. While for Λ = 0 the well-known spiral-
ing behavior is observed as shown in Ref. [21] and henceM
is the multivalued function of ω, M eventually increases and
becomes the single-valued function of ω for 0.1 . Λ . 1.
Furthermore, for Λ & 1, M becomes the monotonically de-
creasing function of ω. Note that a quantitatively very similar
6behavior is obtained for µQ.
0.80 0.85 0.90 0.95 1.00
ΩΜ
0.5
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1.5
M
FIG. 4. M is shown as the function of ω/µ for Λ ≥ 0. The red,
blue, magenta, green, and black curves correspond to the cases of
Λ = 20, 10, 1, 0.1, 0, respectively. M is shown inM2pl/µ.
In Fig. 5, M and µQ are compared for Λ = 10, 1, 0.1,
respectively. For all the cases, the solutions with the maximal
values of M and Q satisfy M < µQ, namely, b > 0 in Eq.
(26), and these vector BSs are gravitationally bound. For Λ .
0.1, b < 0 for the smaller values of ω which are obtained
from the values of f0 very close to the critical value f0,crit,
f0 . f0,crit. For Λ ≈ 1, the values of M and µQ obtained
from the limit of f0 → f0,crit become comparable to the local
maximal values of M and µQ obtained at the intermediate
value of f0 < f0,crit, respectively. For Λ & 1, we obtain
b > 0 for all values of ω.
0.80 0.85 0.90 0.95 1.00
ΩΜ
0.5
1.0
1.5
FIG. 5. M and µQ are compared as the functions of ω/µ for Λ >
0. The red and blue curves correspond to M and µQ, respectively.
The solid, dashed, and dotted curves correspond to Λ = 10, 1, 0.1,
respectively. M and µQ are shown inM2pl/µ.
In Fig. 6, M is shown as the function of ω for Λ ≤ 0. As
|Λ| increases,M decreases for a fixed value of f0. Because of
the existence of the critical central amplitude of the temporal
component of the vector field f0,crit, for larger values of |Λ|
the spiraling behavior is eventually resolved. The maximal
value of M is obtained for f0 < f0,crit. The quantitatively
similar behavior is obtained for µQ. In Fig. 7, M and µQ
0.85 0.90 0.95 1.00
ΩΜ
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0.4
0.6
0.8
1.0
M
FIG. 6. M is shown as the function of ω/µ for Λ ≤ 0. The
red, blue, green, and black curves correspond to the cases of Λ =
−10,−1,−0.1, 0, respectively. M is shown inM2pl/µ.
are compared for Λ < 0. The maximal values of M and µQ
always satisfy b > 0.
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FIG. 7. M and µQ are compared as the functions of ω/µ for Λ < 0.
The red and blue curves correspond toM and µQ, respectively. The
solid, dashed, and dotted curves correspond to Λ = −10,−1,−0.1,
respectively. M and µQ are shown inM2pl/µ.
We speculate that the disappearance of the spiraling behav-
ior is due to the combination of the two effects which were
argued so far. The first is the existence of the critical cen-
tral amplitude of the temporal component of the vector field
f0,crit, as discussed in Sec. II D. As |Λ| increases, f0,crit de-
creases, and hence the allowed region of the central amplitude,
0 < f0 ≤ f0,crit, shrinks. The second is the overall enhance-
ment of the ADM mass and the Noether charge, due to the
stronger self-interaction for Λ > 0, as seen in Figs. 4 and 5.
B. Maximal ADM mass and Noether charge
In Fig. 8, the maximal values of M and µQ, which from
now on are denoted by Mmax and µQmax, respectively, are
shown as the functions of Λ. They are monotonically increas-
ing for increasing Λ. As already seen in Sec. IIIA, Mmax
7and µQmax obtained for Λ . 1 have a different physical
origin from those obtained for Λ & 1, which can be ob-
served as the break around Λ ≃ 1. From Λ ≫ 1, Mmax
and µQmax correspond to the values of M and Q from the
limit of f0 → f0,crit, respectively. From the data of Mmax
and µQmax for 20 ≤ Λ ≤ 50, the fitting formulas
Mmax ≈
M2pl
µ
[
1.383− 0.005099
√
λMpl
µ
+
(
−0.03967+ 0.005675
√
λMpl
µ
)
ln
(
λM2pl
µ2
)]
,
(32a)
µQmax ≈
M2pl
µ
[
1.500− 0.001989
√
λMpl
µ
+
(
−0.05386+ 0.005694
√
λMpl
µ
)
ln
(
λM2pl
µ2
)]
,
(32b)
are obtained, respectively, which can also fit the data ofMmax
and µQmax for 50 < Λ ≤ 250 very well. Thus, for a suffi-
ciently large value of Λ ≫ 1, Mmax and µQmax become of
O[
√
λM3pl/µ
2 ln(λM2pl/µ
2)], which is different from the case
of the BS solutions in the Einstein-scalar theory (31). Note
that for Λ = 0 we recover
Mmax ≈ 1.058M2pl/µ, µQmax ≈ 1.088M2pl/µ, (33)
obtained in Ref. [21].
C. Binding energy, compactness, and stability
In Fig. 9, the relative binding energy defined in Eq. (26)
for the vector BS solutions with Mmax and µQmax, bmax :=
µQmax/Mmax − 1, is shown as the function of Λ. The black
curve (Λ < 1) corresponds to the cases in which Mmax and
µQmax correspond to their local maximal values obtained at
the intermediate value of f0 < f0,crit, while the red curve
(Λ > 1) corresponds to the cases in whichMmax and µQmax
obtained at the intermediate value of f0 < f0,crit. Note that
for all the values of Λ, bmax > 0, and hence the vector BS
solutions with Mmax and µQmax are always gravitationally
bound. For Λ . 1, bmax is an increasing function of Λ, while
for Λ & 1 it rapidly increases but eventually approaches the
constant value ≃ 0.056.
In Fig. 10, the compactness C defined in Eq. (27) for
the vector BS solutions with Mmax and µQmax is shown as
the function of Λ. The black curve corresponds to the cases
in which Mmax and µQmax correspond to their local maxi-
mal values obtained at the intermediate value of f0 < f0,crit,
while the red curve corresponds to the case in which Mmax
and µQmax are obtained from the limit of f0 → f0,crit. The
clear discontinuity on the value of C exists around Λ = 1.
For Λ & 1, C is always larger than 0.2, but cannot exceed
0.32. Since photon spheres could be formed for a spherically
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FIG. 8. Mmax and µQmax are shown as the functions of Λ. The red
and blue points correspond toMmax and µQmax, respectively. They
are shown inM2pl/µ. The lower panel is the enlarged display of the
upper one around Λ = 1.
symmetric compact object whose compactness is greater than
1/3 = 0.333 · · · , no photon spheres would be formed around
the vector BSs. For Λ < 1 including negative values, C is
less than 0.2 and gradually decreases as |Λ| increases. Note
that the compactness (27) was defined with the effective ra-
diusR defined in (28) outside which the vector field Aµ does
not completely vanish and the spacetime geometry is not pre-
cisely given by the vacuum Schwarzschild solution.
In order to see how the effective compactness depends on
the definition of the effective radius, C defined in Eq. (27)
is compared with another definition of the effective compact-
ness, for example,
C˜ := GMR˜ =
m∞
R˜ , (34)
for another definition of the effective radius
R˜ :=
(∫
∞
0
dr r3ρ(A)
)/(∫ ∞
0
dr r2ρ(A)
)
, (35)
where ρ(A) := −T (A)tˆtˆ [see Eq. (3)] is the energy density
of the vector field [19]. In Fig. 11, the ratio C˜/C[= R/R˜]
for the solutions withMmax and µQmax is shown as the func-
tion of Λ. The black curve (Λ < 1) corresponds to the cases
in which Mmax and µQmax correspond to their local maxi-
mal values obtained at the intermediate value of f0 < f0,crit,
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FIG. 9. bmax := µQmax/Mmax − 1 is shown as the function of Λ.
The black curve corresponds to the cases in whichMmax and µQmax
correspond to their local maximal values obtained at the intermediate
value of f0 < f0,crit, while the red curve corresponds to the case in
whichMmax and µQmax are obtained from the limit of f0 → f0,crit.
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FIG. 10. C for the solutions with Mmax and µQmax is shown as
the function of Λ. The black curve corresponds to the cases in which
Mmax and µQmax correspond to their local maximal values obtained
at the intermediate value of f0 < f0,crit, while the red curve corre-
sponds to the case in whichMmax and µQmax are obtained from the
limit of f0 → f0,crit.
while the red curve (Λ > 1) corresponds to the cases in
which Mmax and µQmax obtained at the intermediate value
of f0 < f0,crit. We find that for all values of Λ, C˜/C > 1
and hence R˜/R < 1, but the deviation from unity is at most
9%, namely, (C˜/C)max − 1 < 0.09. The maximal deviation
from unity arises for Λ ≃ 1, where C˜/C ≃ 1.087. As |Λ| in-
creases, C˜/C decreases toward unity. Thus, in most cases the
difference between C and C˜ is not so quantitatively significant.
But for the solutions with Λ ≃ 1, C˜ takes the maximal value
C˜ > 0.34 which exceeds 1/3, while C < 0.32. Therefore,
the ambiguity in the definition of the effective compactness
around Λ ≃ 1 makes it unclear whether photon spheres can
be formed around the most compact vector BSs in the pres-
ence of the quartic order self-interaction, or not. For the more
precise comparison with the other compact objects such as the
BHs or NSs more careful analyses are requested, and the pos-
sible formation of the photon spheres should be judged by ex-
plicitly analyzing null geodesics around the vector BSs, which
will be left for a future study.
-40 -20 20 40 60 80 100
L
0.96
0.98
1.00
1.02
1.04
1.06
1.08
C

C
FIG. 11. C˜/C[= R/R˜] for the solutions with Mmax and µQmax
is shown as the function of Λ. The black curve corresponds to the
cases in whichMmax and µQmax correspond to their local maximal
values obtained at the intermediate value of f0 < f0,crit, while the
red curve corresponds to the case in which Mmax and µQmax are
obtained from the limit of f0 → f0,crit.
As we mentioned in Sec. I, for Λ = 0 the vector BS solu-
tion with Mmax and µQmax corresponds to the critical solu-
tion which divides the stable and unstable vector BS solutions
[21], as in the case of the scalar BS solutions [16, 17]. As
mentioned previously, for all the values of Λ the vector BS
solutions with Mmax and µQmax satisfy Mmax < µQmax,
and they are always gravitationally bound. For Λ . 1 the so-
lutions withMmax and µQmax obtained from their local max-
imal values are also expected to be dynamically stable, and for
Λ & 1 those with Mmax and µQmax obtained from the limit
of f0 → f0,crit would also be dynamically stable. Thus, for
all values of Λ the vector BS solution withMmax and µQmax
is expected to be stable.
IV. CONCLUSION
In this paper, we have investigated the BS solutions in the
Einstein-Proca theory with the quartic order self-interaction
as well as the mass (1). While the properties of the BS solu-
tions in the Einstein-Proca theory with the mass µ2A¯µAµ/2
have a lot of similarities with those of the BS solutions in the
Einstein-scalar theory with the mass µ2φ|φ|2/2, we have found
that once the quartic order self-interaction λ(A¯µAµ)
2/4 is in-
cluded into the action, the properties of the vector BS solu-
tions become very distinct from those of the scalar BS solu-
tions with the quartic order self-interaction λφ|φ|4/4.
First, we have formulated the basic equations to find the
BS solutions in the Einstein-Proca theory. Assuming the
static and spherically symmetric metric ansatz (7) and the
monochromatic oscillation of the vector field in time (8), the
EOM could be rewritten into a set of the evolution equations
in the radial direction (12) and (16). Then, the boundary con-
9ditions for the metric and vector field variables were derived
by solving the evolution equations in the vicinity of the cen-
ter. For the frequencies chosen to be the eigenvalues of the
BS solutions, Eqs. (12) and (16) were able to be numeri-
cally integrated, and the metric exponentially approaches the
Schwarzschild form (20), while the two components of the
vector field exponentially approach 0.
The clear difference between the cases of the scalar and
vector fields appearing in the presence of the quartic order
self-interaction was that in the case of the Einstein-Proca the-
ory there is the critical amplitude of the temporal component
of the vector field at the center, above which no vector BS
solution could be obtained. Moreover, it was found that the
qualitative behavior of the vector BSs was different across
Λ ≃ 1, where Λ is the dimensionless coupling constant de-
fined in Eq. (23). For Λ . 1, including the negative val-
ues of Λ, the behavior of the BS solutions was very similar
to the case of Λ = 0. In this case, the maximal values of the
ADMmass and Noether charge correspond to their local max-
imal values obtained at the intermediate value of f0 < f0,crit,
and the compactness defined in Eq. (27) could not exceed
0.20. On the other hand, for Λ > 1, they could be obtained
from the critical central amplitude of the temporal component
of the vector field, and the compactness was always greater
than 0.20 but could not exceed 1/3 = 0.333 · · · , below which
photon spheres would be absent. However, for the most com-
pact vector BS solutions obtained for Λ ≃ 1 the ratio of the
two different definitions of the effective compactness (27) and
(34) was close to 1.09, and it is still unclear whether the pho-
ton spheres could be formed around them or not, which will
require further studies. For Λ ≫ 1 the maximal values of
the ADM mass and Noether charge could be fitted by the for-
mulas (32), which were of O[√λM3pl/µ2 ln(λM2pl/µ2)], and
slightly larger than the Chandrasekhar mass for the fermions
with the same mass µ.
There are a lot of remaining issues, e.g., the stability analy-
sis against the radial and nonradial perturbations, the implica-
tions for the future gravitational wave observations, and the
BS solutions in more general class of the complex vector-
tensor theories. They will be left for future work.
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